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Abstract

This article is about the study of a novel concept of finite-time stability of a fractional-order
dynamical system with time-varying delays and fracture. We have obtained the solution and
established stability conditions of the system. Moreover, the controllability and observability
conditions in the form of Gramian matrices and matrix conditions are derived based upon the
well-known Kalman rank criteria. The results obtained are novel, and to facilitate a better un-
derstanding, we have included several illustrative examples.
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1 Introduction

Fractional calculus (FC), also known as arbitrary order calculus, exists simultaneously with
classical calculus. It has its origin in the 1600s [35]. A few decades ago, researchers discovered
that irregularities that could not be explained by classical calculus were easily explained by FC. It
is a valuable tool for describing abnormal diffusion processes due to its numerous characteristics,
such as memory and hereditary properties. FC has a wide range of applications, including electro-
chemical processes [26], viscoelastic materials [51], blood flow phenomena, mathematical biology
such as fractional Possum model [22], fractional order dengue disease model [30], model of HIV
[62] and Chikungunya model [63]. Additionally, a variety of problems can be solved using FC,
and it is effectively used in the modeling of many processes [64]. Moreover, the fractional-order
models give more information and detailed results, which are useful in demonstrating how chal-
lenging and commonplace the order of the derivative is because it has many alternatives [23].

Delays are a common cause of destabilization and performance degradation in practical sce-
narios such as chemical processes, communications transactions, and neural networks. This has
aroused growing interest in recent decades [15]. Delays are found in electrical, pneumatic, and
hydraulic networks, chemical processes, and long transmission lines. The presence of pure time
delay may result in instability [17]. The stability of dynamical systems with time delays has be-
come an important research topic as they occur in many systems where they cause instability and
oscillation [19]. The issue of instability and poor performance of dynamical systems caused by
time delays has attracted an immense amount of attention and research. Meanwhile, fractional-
order systems (FOS) have gained prominence due to the numerous benefits of fractional deriva-
tives (FDs). According to [46, 55], the model provides researchers with greater flexibility and
incorporates the memory of different materials and processes. The finite-time stability (FTS) con-
cept initially emerged in the 1950s. It differs from classical stability in two key aspects. Firstly, it
addresses systems that operate within a fixed time interval, which is finite. Secondly, the system
variables remain within prescribed bounds in FTS.

For systems operating within a finite time interval, the FTS criterion is the most appropriate
one [20]. The key characteristic of a control system is its stability, which indicates the system’s
ability to get back to the desired state after being interrupted. The most significant quality of con-
trol systems is their stability, which ensures that the output is under control. Stability is defined by
the roots of the control system’s characteristic equation in the complex domain [2]. One of the pri-
mary concerns in control theory is the stability analysis of fractional-order time-varying systems
(FOTVS), and determining the circumstances under which the system is stable is an extremely
difficult task. To check the stability of fractional dynamical systems, several mathematical tools
have been devised and applied which include the linear matrix inequality (LMI). Stability anal-
ysis conditions are proposed through a direct stability domain characterization [58], for the n—
dimensional fractional differential equation (FDE) with multiple time delays, the Laplace trans-
form method [18] is utilized and a characteristic equation is introduced, the Lyapunov method
[48] and the definition of Mittag-Leffler stability was proposed [73]. Singular systems have drawn
considerable attention in recent times. They are widely applied to engineering systems, biological
systems, and economic systems [16]. In 2009, Haidar and Boukas [25] and in 2011, Lin et al. [49]
considered the singular system along with time-varying delays. The exponential admissibility of
both these systems is investigated in [70].

In solving dynamical systems with fractional-order, the Mittag-Leffler function (MLF) is a key
factor. It plays an important part in finding the solution of non-integer order differential equations
(DEs), similar to the exponential, which naturally originates in the solution of integer order DEs
[41]. The asymptotical stability results are obtained using the frequency domain approach in
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[6,7]. Several reports have been published on time delay systems (TDS) for stability, using matrix
measure techniques or Lyapunov’s second method [10, 27]. The system’s stability in the sense of
a non-Lyapunov is studied in [44, 69]. In the real scenario, interest often extends beyond just
finding the system’s stability (as defined by Lyapunov), to including the bounds on the system
trajectories. It is valuable to analyze the system’s stability, which can be stable but still unstable if
it exhibits unacceptable transitory performances. Furthermore, focusing on the dynamical system
behavior over finite time intervals is essential. Engineering depends heavily on the boundedness
characteristics of system responses, sometimes known as model solutions [45].

Recent advancements in control theory for fractional dynamical systems have addressed sta-
bility concerns. Matignon [52, 53] investigates internal and external stabilities for linear fractional
differential systems in the state-space form of finite dimensions. A condition based on an argu-
ment principle ensures the asymptotic stability of the system with fractional-order. The robust
stability results of the systems with fractional-order are presented and discussed in [12, 65]. Chen
and Moore [13, 14] proposed an analytical approach for determining the analytical stability bound
for ordinary/fractional-order delay differential equations (FO-DDEs) with the aid of the Lambert
W function. Additionally, research has focused on the analysis and stabilization of fractional delay
systems, specifically of the retarded /neutral types [5] and BIBO stability [28]. Notably, the initial
study addressing FTS of fractional time-delay systems (FTDS) is studied in [42].

Fracture has been an ongoing problem in real life. Advances in fracture mechanics have re-
duced the dangers associated with increasing technological complexity. Since World War II (WWII),
we have developed a greater knowledge of material failures and increased our ability to safeguard
against them. There is still a lot to be learned about fracture mechanics, and current knowledge
is not always used effectively. Advances in computer technology have created entirely new disci-
plines of fracture mechanics research. The microelectronics industry’s problems led to research
on interfacial and nanoscale fractures [3]. Understanding fracture mechanics and SIF is important
for predicting failure when a crack propagates. Engineers can improve safety and reduce risks by
detecting possible failures and influencing factors, especially in areas like civil engineering [34]
and aerospace [36].

The optimal solution for control challenges is the primary objective of a control system. The
first objective is the ability to transfer any initial state in a finite amount of time to a desired con-
dition using a suitable control input for any system. The second approach involves determining
the system’s initial stage based on finite-time output under the knowledge of the input. Both of
these objectives are linked to the concepts of controllability and observability [9]. Mathematicians
and engineers have been attracted to the concepts of controllability and observability (being the
control properties) as they are important in the field of control theory and engineering [50]. In
2022, Saji¢ et al. [59] presented biomedical engineering applications of control system theory. In
the same year, Wang et al. [66] examined the properties of controllability and observability of
mixed traffic systems. Impulsive fractional LTI systems were considered by Guo [24], where the
controllability and observability of such systems is investigated.

Wei [68] in 2012, analyzed the controllability of control systems with fractional-order and con-
trol delay. Singh and Pandey [61] presented findings on the time-fractional differential system,
where they explored the exact controllability. Controllability, as well as observability and stability,
are some essential concepts that play an integral role in both classical and fractional-order math-
ematical control theory. In recent times, the controllability of control systems with time delay has
been addressed in several monographs and studies. This has been inspired by the large range of
potential applications in numerous areas of science and engineering, as well as by the diverse and
challenging theoretical problems that such systems pose [31]. Controllability of linear systems
with different types of delays is considered in various monographs like [33] and survey papers
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[39, 40].

Moreover, in the last 20 years, numerous studies have focused on the importance of time de-
lays in industrial systems, including chemical reactors, airplane stabilization, neural networks,
microwave oscillation, population dynamic models, long transmission lines, and manual control.
Typically, time delay (TD) is an unstable factor. As a result, numerous studies have been con-
ducted to explore the stability and stabilization of TDS [8, 60]. Significant difficulties arise in
system design and control when dealing with time-varying delays, fractures, and disturbances. It
is essential to comprehend their effects, model them precisely, and create efficient compensation
plans to preserve system stability and performance.

In light of this literature survey, our motivation and work objectives are centered on address-
ing a new problem of fractional-order dynamical systems with time-varying delays and fracture,
aiming to explore their theoretical foundations and practical implications. By doing so, we seek to
contribute to a deeper understanding of dynamical systems of fractional-order, which will show-
case their applicability across various fields, such as engineering, biology, robotics, aerospace, and
control systems. This research strives to bridge the gap between theoretical advancements and
real-world applications, ultimately fostering innovation and solving complex problems in these
domains.

2 Novelty

This work mainly focuses on non-integer-order time-varying delay systems under a fractional-
order approach to discuss the solution, its stability, controllability, and observability.

In dynamical systems with time-varying delays, the effects of stress can lead to structural fail-
ure and instability if it is not managed properly. So, we have considered a fractional-order dynam-
ical system defined as:

m

“Dg¢(n) = F((n) + Buln) + Ew(n) + Y Axl(n — di(n)) + 5, Q)
k=1

y(n)  =€Cn)+2um), <) = o,

where © Dy is the Caputo fractional derivative (CFD) of order a, o € (0,1), 7 > 0 and {(n) € R"
is the state vector, u(n) € R™ is the control vector, w(n) € R™ is the disturbance vector [57]
foralln > 0,4/, A, E, %B,¢, and 2 are some constant matrices with appropriate dimensions,
Co € C([—dkm, 0], R™) is an admissible initial state, C([—dym, 0], R™) is a Banach space of continuous
function ¢ : [—dgm,0] = R"™ and dj(n) is time-varying delay and

k =YoyTa, (2)

is the SIF where k € R™*", Y is the dimensionless constant that depends on the geometry of the
cracked body, o is characteristic stress, and a is the characteristic crack dimension [3].

Here,
“Dy¢(n) = () + Buln) + Ew(n) + > Axl(n — di(n)) + 5, (3)
k=1
and
y(n) = €C(n) + Zu(n), 4)
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are state and output equations respectively with {(0) = (.

3 Preliminaries

In our work, we will use the following definitions and properties to obtain our results for sys-
tem (1).

Definition 3.1. (Caputo Fractional Derivative). Consider the function f : §° — §, then the Caputo
fractional derivative (CFD) of order o is given as [45]:

n

Cpac(n) = 704/ - QHQ 5, ac(g-lg)Vges, (5)
0

where I'(.) is the Euler’s gamma function and § is a complex plane.

Definition 3.2. (The Mittag-Leffler function). The MLF for two parameters o, > 0 and n € RT is
defined as [54]:

hP
h) = - 6
)= 2 T p ©
where h, a, B € §. We can also obtain
= PP
Poln) = Ear (/1) = 3 o L (7)
p=0
and
el @{pnap

o(n) =1 Ean (F0*) ="~ 12 (8)

from [54] where § = 1.

The pseudo-transition matrix po(n) is also known as matrix a— exponential function which can be
denoted as po(n) = e and for o = 1 [32, 38], we have from (7) and (8),

oo %7710 y o
o Z NOEEY : 9)

3.1 Some properties of Laplace transform

Here, we explore some key properties of the Laplace transform (LT), which were valuable in
finding the solution of fractional-order time-varying delay system (FTVDS) (1).

Some of the famous results are:
e If0 < o < 1, then,

LD f)(n))] = s"L[f (n)] = s*7* f(0). (10)
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o Let § be the complex plane, for any «, § > 0 and &/ € §**", then,
— [ a— a - 1
L™ Ba (/™)) = 7P (s*] — ) 8(s) > ||/ -, (11)

where §(s) denotes the real component of the complex number [37] and I is identity
matrix.

Some formulas for the inverse LT are given as:

L7 — o)) = wo(n), (12)
LT = )71 = p(n). (13)

3.2 Controllability and observability

Both are essential properties while studying dynamical systems [4, 39]. The properties of the
controllability Gramian include:

e For every ny > 0, the controllability Gramian is symmetric and positive semi-definite.

e The controllability Gramian is positive definite [57] if and only if the state equation is con-
trollable on [0, 77].

The properties of the observability Gramian matrix include:

e For every 1y > 0, the observability Gramian is symmetric and positive semi-definite.

e The observability Gramian is positive definite [57] if and only if the state equation is observ-
able on [0, 7¢].

Definition 3.3. (Controllability). System (1) is said to be controllable [9, 71] on the time interval
[0,77],ny > 0 whenever 3 input signal u(.) : [0,n7] — R™ with the property that the associated solution
of system (1) fulfills the condition {(0) = o and ¢(ns) = 0.

Definition 3.4. (Observability). On time interval [0,ny], system (1) is said to be observable [9, 71]
whenever any initial condition (I1.C) ((0) = (o € R", for any n € [0,ny] and ny € [0,n), is lead by the
associated system input u(n) and output y(n).

Definition 3.5. (Finite-Time Stability). System (1) satisfying L.C {(n) = ¥¢(n), —dim < n < 0is finite
stable [45] with respect to {0, &, ay, aw, Mo, Jo}, where 6 < ¢ if and only if,

el <6,
which implies,
<l <&, Ve o,

where ¢ is a real positive number and ¢ € R. The illustration of the preceding definition is illustrated in
[45].
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4 Solution of Fractional-Order Time-Varying Delay System

The solution of state equation (3) on the interval [0, 7] with I.C {(0) = (o is

n

¢(n) = @o(n)o + / p(n—§) l«%’U(é) +Ew(€) + ) A€ — di(&) + &

0 k=1

dg, (14)

df) ;o (15)

and the output equation (4) for 2 = 0 can be written as

n

y(n) =% (900(77)(0 + / p(n—2¢) [@u(é) +Ew(&) + Y ApC(€ — dr(§) + 5
k=1

0

using the well-known Laplace Transform [1, 32].

5 Finite-Time Stability Analysis of FTVDS

The FTS analysis of FTVDS presented in this paper provides a valuable contribution to the
understanding and control of complex dynamical systems, with implications for a wide range of
applications in engineering and science.

In the theorem below, we will discuss the FTS analysis of FTVDS.

Theorem 5.1. The system defined in (1) is finite time stable with respect to {9, ¢, @y, aw, Mo, Jo}, if the
condition below is satisfied, that is

Umax*na
1 T/, 1\ Ea max* @
v< JrF(a—i—l)) (vo n%) +

vyn® E

o —1
O )) , 0 < & and system (1) satisfies .C ((n) = U¢(n), —dpm <1 <0.

= 1 —_—
where v ( +F(a+1

In (16), o is the largest singular value (SV') of matrix (.) and is defined as

Omax* — O-max(vQ{) + Omax (Z Ak . AlSO,

_ bau+eaw+k’ (17)
J
where b = [|Z]|, e = [|E[|, k = [|&], au = [lu(n)|| and a., = [|w(n)].
Proof. Applying norm ||.|| on (14) and from Definition 3.2 for p = 0 and 7y = 0, we have
n m
1
el < lcoll + Fry / |(n = &) [ || Bul6). + Ew(€) + D AxC(§ — dr(€) + s||dE,  (18)
s -
also applying norm ||.|| on (3), we have
D3¢ < ||t + Butn) + Bwlo) + 3 Auctn — dulo) + (19)
k=1
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1Dy c| < 1[Il + I Talm) | + 12| Iwm) + > 1Al 1€ — i)l + 1],
k=1

(20)
and we can write (20) as

m

[“D5¢| < (Tmax (@) KM + bllum)l| + e [wm)]| + <0max (Z Ak)) 1€(n = de(m)]l + kK,

k=1
(21)
where | .«7| =maximum SV of & = onax (), [|Ak| =maximum SV of Ay = omax (Z Ak>
k=1
[44, 45]. Also from [43], we have,

I =dem) < sap — NICEOI, 0 € [0 = dpm, 1], (22)

N—drm <1 <n

where d,, is some k' scalar,i.e. k= 1,2,...,m.

From (22), (21) becomes,

1€ DEC)|| < Tmax() €| + b ualm)]| + e [lw(n)|

. . (23)
+Umax (Z Ak) sup ||C(77 )H +k7
b—1 N—dm<n-<n
(D¢ < omaxs— sup ) +0la@)l| +ellwm)l +k, 1> dim, (24)
N—drm <n-<n
where
Omax* = O—max(d) + Omax (Z Ak) 5 (25)
k=1
for k=1,2,...,m and from (19) and (24) for ng+ € 1, we can write,
H%C(n) +2u(n) + Ew(n) + > ApC(n — di(n)) + &
=1 (26)
< <omax* sup  [[C(n )]l + ||1/f<||c> +bllum| + ellwm)| +X,n > nos,
N—drm<n <n
and in view of (26), for k =1,2,...,m, (18) becomes,

N—dgm<n-<

ICI < lioll + F(la)o/!(n—é)“_ll <0max* ( sup  [|C(n )l + |¢<|c>

+olum)l +elwmn)l +k - |=Q7C(77)||>d€

n
1
< ||C0H+m/’(77—€)a_1’ (omax* (n_dks;gn_S IS+ |wc|c>
0

+olla(m)l +elwmn)l +k —ow <)l )d&
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where 0y = omax () [44]. Now,

n
1
< [IGoll + @/Kn - & (Umax* <n_dksnll1£nénllé(n')ll + ||w<c)> dg
0

*ﬁgzﬁawmmu+wwmm+kfamM@W>
<n@+réo/Wm—£wW<““ﬂ<nd$? ”“"”“%Mﬂ>>df
J km <1° <1
" I‘(o:]ij_n (bllum)]| +ellwn)| +k — o IK)])
O'max*na Omax* / a—1 ’
< (1 + F(a+1)) IGoll + () 0/\(77—6) | (ndkilgn_<nllé“(n II> dg o
+p(07711)(b”“(77)”+€HW(77)”+k_U%HC(n)”)7

or

n
O-.Qf’r’a Omax* 7,]04 Omax* o—
(1+Fm+1J““m“é(1+Fm+1Q”®W+pm)!ﬂn—ﬂ Y

(03

x ( sup ||C(n')> €+ L (b ()] + e [wm)| +K)

n—dpm<n <n (a+1)
Ty Omax* 1] Omax* a—1
o < (1+ 57225 <1+NQ+D)H®H+FW)!KWQ |
. n"
x (ndksi}gn_q 1<(n )) ®t TarD O llam| +elwml +X) |-
(28)
N
Consider <1 + 1%) = v, then (28) can be written in the form,
N U]
Omax*1] Omax* a—1
el <o (14 Z2 T ol + 0522 [ 10— 0
0 (29)

x< sup nmm>%+mj;¢bmwwamwww»

N—dirm<n-<n

From the generalized Gronwall inequality, which states that:

For some 1 < +00, consider two non-negative functions ¢(n) and a(n) which are locally inte-
grable on 0 < 1 < n. Let g(n) be a continuous function that is nonnegative, non-decreasing, and
is defined on 0 < 1 <  where g(n) < M =constant and « > 0 with,

C(n) < a(n) +g(n) /(n —5)*71¢(s)ds, (30)
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on this interval [11]. Then,

Cn) < an) +g(n) / lz g("”r (- s)etags)|ds, 0<p<m  (31)

and from the corollary in [44], which states that:

Oninterval [0, ), let a(n) be a function which is non-decreasing. Then, the following inequal-
ity holds:

C(n) < a(n)Ea(g(mT(a)n®). (32)
Here, £, is MLF.

Then, from (29) we have g(n) = v <Umax* > and one can introduce a non-decreasing function

INGY)
[44], a(n) such as

a(n) = v (1 T {fg“")) ol (33)

In view of (30), (29) becomes,

N—dkm<n-<n

1< Sa(n)+g(n)/|(n*£)“’1| ( sup ||C(77')||> dg

(34)
,U (0%
M) @ lla@)ll +ellwml +k).
Let us define from (34),
1T ()| = a(n) +g(17)/| n—&)°7Y ( sup ||C(T)')|> dg. (35)
N—dkm<n"<n
Then, we can write (34) as
1 n
IOl < ¢ + g Bl +e il + K. (36)
and it is easy to show from (32) and (35),
1< ()| < a(m) Ea(g(mT(a)n®)
. s N 37
—o (1 220 o) B (052 r e ) o
So, (36) becomes,
6l < v (14 £ ) 6B (0ot + gy Ol + WOl 4K (38)
For simplicity, let us write from (38),
0y = (bay, + eay, + k). (39)
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Now, from (38), we get

vIyNe

Omax*1"
<9 1 — | E max* « T/, 1\
ot < 0 (14 22 By (o) + ool

(a+1)

and by using the condition in Theorem 5.1, the relationship in (16) gives,

Il <&, ¥V ne o

This completes the proof.

6 Controllability of FTVDS

(40)

(41)

The necessary and sufficient conditions of controllability for the FTVDS defined in system (1)

are explored in this section.
Theorem 6.1. The system defined in (1) is controllable on [0, 7] iff,

ng

Wo[0. 0 nsn = / o (g — €) BB " (ny — €) d,
0

the Gramian controllability matrix is non-singular. Here x represents the matrix transpose and

©* () = Ea,o(*n™), ns > 0.

Proof. Let us define a control input u(n) for our FTVDS in system (1) as

n

u(n) = B** (n— W0, (—wo(n)C(O) - /w (n—2¢)

0
df) |

X [%’u({) +EwW(E) + > AkC(€ — di(€)) + &

k=1

Substituting the control input in (14) for n = 7y we get

nr

C(ny) = wo(ng)Co + /so(nf —¢) [«@(«%’*w* (ny — &) W0, 7y]
0

v (—womf)c(m - / o (g — &)

0

+ Ew(&) + ZAkC(f —di(§)) +r
k=1

k=1

dg,

which implies that,

¢(ny) =0.

Ew(&) + > ArC(& — di(€))) + 5

)

(43)

(44)
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Alternatively, with no loss of generality, if W.[0, 7] is singular [71], 3 z € R™ vector which is
nonzero s.t. z*W,[0,7¢]z = 0. This gives

ng

- / o (1 — €) BB (1y — €) 2dE = 0. (46)
0

It gives
oy =& #=0. (47)

We consider {y = ¢, *(17)z. Given the assumption over the interval [0, 7], 3 input « which drives
(o to the origin. It follows from (14) as

C(np) = wo(ng)eo t (ng)z + /80(771‘ - &) [«%’u(é) +Ew(E) + Y AxC(€ — di($) + %] dg

k=1

- 0 (48)
=2+ / g —€) | Bu(e) + Bw() + 3 AC(€ — du(€)) + 5 | dE = 0.
0 k=1

Then,

d¢ = 0. (49)

o / oy — &) [@u(&) +Ew() + Y ArC(E — di(€) + +

o k=1
The second term is zero here, so it concludes that z*z = 0. This is a contradiction to z # 0.

Therefore, W.[0, 7)¢] is non-singular. Hence, proved. O

Now we will discuss the rank condition for the controllability in system (1).
Theorem 6.2. The system in (1) is controllable on [0, n¢] iff,
rank(Q.) = n, (50)

where

Q.= |B|ADB|...|o/"\B|E|AE|...|o" E|

m m m 51
> Al Y Ayl Akl k] ], (51)
k=1 k=1 k=1
and the order of Q. is n X n.
Proof. From Cayley-Hamilton’s Theorem [9, 71],
n—1 )
pn—8) =D riln—&", (52)

=0

Here, r;(n) is the polynomial in 7.
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Using (52) in (14) and from Definition 3.2, we get

el ny
() = Ean (1) Zw% / il — U+ Y ' [ iy - wle)de
=0 o
n—1 m n—1 nf
PN A / (0 = €)C(€ — du(©)E + 3 7' [ riluy - )i
i=0 k=1 =0 0
(53)
Then, from (53) we have
C(1) = Bap (/) C(0) = BB .| " B|E|SE) ... |ot" " E]|
SRR
l
lnfl
mo
my
- - n—1 - n—1 mv;—l
ZA,CLQ%ZAH...LQ% ZA,JKW&...W K] X R
k=1 .
Np—1
Po
p1
L Pn—-1 J
(54)
where
n—1 " n—1 "
b= [ritns - Ouierae. mi= 3" [ rins — Owle)de,
i=0 {) i=0
n—1 m ' o1
=303 [ty - )6t6 - duteag, pi=Y [ rits - i
i=0 k=17 =0 ¢
Hence, proved. O
7 Observability of FTVDS
Theorem 7.1. System (1) is observable on interval [0, 7] iff n x n observability Gramian matrix,
ng
Wall. o = [ 66 (1) €0 () i (55)

0
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is non-singular. Here * represents the matrix transpose and o (n) = Eq g(2/*n®). The matrix
Wol0,1f]nxn which is Gramian matrix is invertible and ny € [0,m] is the time interval over which the

system’s behavior is defined.
dg) . (56)

7(n) = €po(n)Co- (57)

The estimation of {, from y(7) is equivalent to the system’s observability in (1). Since ¢y and 3(7)
are arbitrary, this leads to the estimation of ¢, from y(7), which, for u(n) = 0, is given by

y(n) = €o(n)Co. (58)

W, 1[0, 7y] is well defined if W, [0, n¢] is non-singular. The following expression for the arbitrary
y(n) for ny > 0is given as:

Proof. Let us define 5(7) in view of (4) as

yn) =ym) —¢ (800(77)(0 + / p(n—¢) [%U(S) +Ew(&) + ) A€ — di(€) + &
0

k=1

Then,

ns ng
W40, 1,] / ot () €y (n) dn = W [0,75] / ot (1) E* B o0(n)Cod, (59)
- 0 0
W, 0, ny] /@8 (n) €*C po(n)Codn = W, 0,7 ]W,[0, m¢]Co- (60)
0
It follows that,
nr
W0, ny) / ot () €y (n) dn = Go. (61)
0

The left hand side of (61) is a linear algebraic equation of {, and depends on y(n) € [0,7]. As
W,[0,ny] is invertible for n € [0, 7], the initial state ((0) = {, can be uniquely inferred from the
system output y(n). Conversely, if W, [0, 7] is singular for n; > 0, then a vector (, which is non
zero exists such that,

C:;WO[O, nf]Coc =0. (62)
Choosing ¢, = (o, then we get
nyf nf
[y awman=g ( [ cen ) dn) o, (63)
0 0
which gives
ny
Sl an=o, (64)
0
Therefore,
y(n) = €eo(n)Co- (65)
Given that the system is observable which follows (, = 0, leading to a contradiction. So, W,[0, 77/]
is non-singular. This completes the proof. O
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Now we will discuss the rank condition for the observability in system (1).

Theorem 7.2. The system given in (1) is observable on [0, ny] iff,

rank(Q,) = n, (66)
where
¢
C o
Qo = . ; (67)
%%nfl
and the order of Q, is n X n.
Proof. Theorem 7.1 gives
y(n) = €o(n)Co, (68)

and (o is uniquely determined by y(n) iff €¢o(n) is non-singular [9]. Using Cayley-Hamilton
theorem [9, 71],

n—1

Coo(n) =C Y bj(n)e”, (69)

Jj=0

where b;(n) is a function that is a polynomial in 7. So, it follows for n = 7y,

n—1
Cpolng) = Y bj(np) €, (70)
j=0
€
CA
Geo(ny) = (bo(n5),01(n5), - -, bna(15)) : : (71)
%Mn_l
Then, € po(ny) is non-singular iff,
€
CA
rank ) =n, (72)
%dn71
rank(Q,) = n. (73)
Therefore, it completes the proof. O

Now, we will elaborate our results using some examples.
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8 Examples and Results

Example 8.1. In this example, we will discuss the finite-time stability of the system,

CDgC(n) = () + Buly) + Ew(n) + Y Ar(n — di(n)) + r,

Pt (74)
ytm) — =<Cm),  nel0],
using Theorem 5.1, with the following assumptions:
1 2 5.9 0
”‘[3 5}’ 93_[1}’ v=[4 2], CO_[O.%}’

-2 1 (2 <1 [—2 0 [k ] [6v2r
S e i B e e AR e
where Y1 =3, m =2,01 = 2,a; = 2and Y, = 2,09 = 3,ap = 1. Firstly, we have obtained the solution

of system (74) for the considered values, and further, we will discuss the finite-time stability for this system
as well.

For p = 0and o = 0.5, we have from Definition 3.2,

(1-g°°

p(1-¢) = T(05)

eo(n) = I2x2.
Also, by substituting the values,

0.01€ — cos(0.01€)

C(g - dl(g)) = [ 0.01¢€ — cos(0.0lf)

] L (€ —da(9) = [ 0.1€% — cos(0.1¢%) ] |

0.162 — cos(0.1£2)

u(n) =-n+2, w(n) = [ 1o ] ,
-7

in (74), we obtain the approximate solution,

[ (2.3 — 2.3y — 1) cos(0.19%) + (5.2n — 31.1 T
+1.13 c0s(0.017) + 0.23n2) v/ — 1 — 5.2%

G(n) +33.7,/7 — 1.13, /7 cos(0.017) — 0.23n3 75)
Gm || (113 + 113y = 1) cos(0.192) + (=1.5n — 10.5 |
—2.3¢0s(0.01n) — 0.113n2)y/n — 1 — 0.05 + 1.5n2

+9.74,/1 + 2.3,/7 cos(0.01n) + 0.113n3

The graph of the solution of (74) is illustrated in Figure 1 below:
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x(0

Figure 1: Graphical analysis of the stability of the fractional-order model in (74).

For various values of o, we have obtained the following graphs given in Figure 2:

10
12

9

]
10
6 8

KO alpha=0.3 *0 alpha=0.4

6

B

3
B

alpha=0.7

alpha=0.6

x(® X0

Figure 2: Graphical analysis of the fractional-order model in (74) with different values of c.

The comparison graphs of the stability of the fractional /non-integer order model approaching classical
order are shown in Figure 3.
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alpha=0.9 alpha=0.5

x(® x(®

1 2 3 4 5 6 7 1 2 3 4 5 6
t ¢

Figure 3: Graphical analysis of the fractional-order model in (74) with different values of fractional-order.

In (74), if the fractional-order derivative is replaced by the classical order derivative, we get

d%((n) — C(n) + Bu(n) + Bwn) + > AxC(n — di(m) + 5,
k=1

y(n) =%¢Mm), nel01].

Then, the graph of the solution of (76) is illustrated in Figure 4.

(76)

7.x 10'%7

5.x 10"

x(f)
3.x 1013_

2.x 10"+

17)(1013_

o 1 2 3 45 s 7
i

Figure 4: Graphical analysis of the solution of the classical-order model in (76).

It is seen that when system (74) is incorporated with a classical derivative, then we get a clearly unstable
solution graph.
The presence of external disturbances or uncertainties affects the robustness of the system’s stability. In

0 ] . From Figures 5(a) and

Figure 5(a), we have w(n) = [ 17'74 } and in Figure 5(b), we have w(n) = [ 0

5(b), it can be seen that the robustness of the system stability is affected.
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Fig (a) R Fig (b)

1 2 3 H 5 5 7 1 2 3 3 5 5
t

Figure 5: Graphical analysis of the fractional-order model in (74) with different values of external disturbances.

Now we will check the FTS using Theorem 5.1 with respect to

n =0, J={0,1}, 6=006, =30, a,=1, a,=15 p=0,
for —1 < cos(n) <1, where ||((n)|| = 29.3827994, | W¢(n)||, =0.05 <4, Vn>0.

Moreover, the singular values of </ and Ay + Az are
Omax () = 6.24294338387,  Opax (A1 + Ag) = 1.41421356237.
Applying Theorem 5.1 on (74), we get
n = 0.02702993872.
Finally, time-varying delays d (n) and d2(n) for n = 0.02702993872 are,
dy(n) = 0.9999999635 and dz(n) = 0.9999999973,
where 1 is the estimated time of FTS.

Example 8.2. In this example, we will discuss the finite-time stability of the system,

CD5¢(n) = () + Buln) + Ew(n) + Y AxC(n — dr(n)) + &,

— (77)
ytn) — =<Cm),  nelod],
using Theorem 5.1, with the following assumptions:
4 =2 5.9 0
a=5 2 =] e=112]. a=| ]

-2 1 -2 <1 -2 0 (k] [4aver
T 1 B e R
where Yy = 2,01 = 2,a1 =2and Y, = 4,09 = 3, az = 1. Firstly, we have obtained the solution of system
(77) for the considered values, and further, we will discuss the finite-time stability for this system as well.

For p = 0and o = 0.3, we have from Definition 3.2,

101 -¢°7

p(1—¢) = T3

wo(n) = laxa.
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Also, by substituting values,

0.02¢ — cos(0.02¢)

0.02¢ — cos(0.02¢)

] L - ) = [ 0.01¢ = 25in(0.01¢) ] |

((§-di(§)) = [ 0.01€ — 25sin(0.01¢)

u(n) =-n+109, w(n):[ - 1
—n—6

in (77), we obtain the approximate solution,

T (6.0032n — 24.12 — 3.343 c0s(0.027) — 4.5sin(0.017)) T
X (7 —1)7 4 (25.9 + 3.343 cos(0.027)

S0) +4.55in(0.017))n10 — 6.0032710 s
[ ] (—1.7n — 28.8 — 2.23 c0s(0.027) + 4.5sin(0.017)) ' (78)
x(n —1)10 + (28.3 4 2.23 cos(0.027)
—4.5sin(0.015))n1 — 0.5 + 1.7570

The graph of the solution of (77) is illustrated in Figure 6,

1 2 3 3 H 6 7
‘

Figure 6: Graphical analysis of the solution of the fractional-order model in (77).

We have obtained Figure 7(a) with the fracture term x = [ Zl } = [ 26\/\/2? ] , and Figure 7(b) with
2

fracture term x = [ Zl } = [ 86\/\/27%7 } , which are given below,
2
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x@® x(® 4

: :
10 20 30 0 10 20 30
t t
Fig (a) Fig (b)

Figure 7: Graphical analysis of the fractional-order model in (77) with different values of fracture.

The comparison graphs of the stability of the fractional | non-integer order model approaching classical
order are shown in Figure 8 as follows:

alpha=0.3 alpha=0.9
x(® (9

o
>

Figure 8: Graphical analysis of the fractional-order model in (77) with different values of a.

In (77), if the fractional-order derivative is replaced by the classical order derivative, we get

%an) — AC(n) + Buln) + Ew(n) + > A0 — dy(n)) + .
k=1

y(n) =%<¢m), nelo1].

Then, the graph of the solution of (79) is illustrated in Figure 9,

(79)
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2.x 10"

L 1015_

0 0

~1.x 10"

-2.x 10"

Figure 9: Graphical analysis of the solution of the classical-order model in (79).

It is seen that when system (77) is incorporated with a classical derivative, then we get a clearly unstable
solution graph.

The presence of external disturbances or uncertainties affects the robustness of the system’s stability. In

Figure 10(a), we have w(n) = [ . jlr 6 } and in Figure 10(b), we have w(n) = { 8 } . From Figures

10(a) and 10(b), it can be seen that the robustness of the system stability is affected.

8

. Fig (a) 0 Fig (b)

Figure 10: Graphical analysis of the comparison of the external disturbances of the fractional-order model in (77).

Now, we will check the FTS using Theorem 5.1 with respect to

n=0, J={0,1}, §=06, =7, a,=01 a,=8, p=0,for —1<cos(n) <1,
—1<sin(n) <1, where ||((n)]| = 6.79590821, ||¥¢(n)|.=0.5<6, Vn=>0.

Moreover, the singular values of </ and A, + As are

Omax(27) = 5.85492185168, Omax (A1 + Ag) = 4.12310562562.
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Applying the condition of Theorem 5.1 on (77), we get
n = 0.1195804554.
Finally, time-varying delays d(n) and dz(n) for n = 0.1195804554 are
di(n) = 0.9999971401 and d»(n) = 0.002391608538,
where 1) is the estimated time of FTS.

Example 8.3. In this example, we will discuss the controllability and observability of the system,

“Dg¢(n) = F((n) +Buln) + Ewn)+ > Axl(n — di(n)) +
k=1

= (80)
ytn)  =%Cm),  nelo1].
Using Theorems 6.1 and 7.1, with the following assumptions:
1 -2 4 2 4 3 -2 -4
el CIY S 1 CO el ) E e

412 a_[ -t o0 [k ][ 14v2r
TR a0 T o5 10 Tl ke || o6var |
where Yy = 7,01 =2,a1 = 2and Yo = 2,09 = 3, a2 = 2 as defined in (2).

By using the Gramian matrix, we utilize our criteria to investigate the controllability and observability
of system (80).
For oo = 1.5 and p = 0, Definition 3.2 gives

1-¢"°
I'(1.5)

0

0

(1-¢°°
I'(1.5)

p(1-¢§) =

Substituting all the values in the controllability Gramian matrix given in Theorem 6.1 and for ny =1,
we have

10.18591636 5.092958178

W.10,1] = )
0,1] 5.092958178  2.546479089

One can verify that W, [0, 1] is invertible, symmetric, positive semi-definite, and positive definite. So,
the above system (80) is controllable.

For o = 1.5 and p = 0, Definition 3.2 gives

vo (1) = I2x2.

Substituting all the values in the observability Gramian matrix given in Theorem 7.1 and for ny = 1,
we have

14 a7
LOUSEN IS TR
117 117
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One can verify that W, |0, 1] is invertible, symmetric, positive semi-definite, and positive definite. So,
the above system (80) is observable.

Example 8.4. In this example, we will discuss the controllability and observability of the system,

CDacn) = )+ Buln) + Ewln) + 3 AkC( — du(n) + r,

i1 (81)
ytn)  =%Cm),  nel0,1],
using Theorems 6.1 and 7.1, with the following assumptions:
1 -2 4 -2 —4
%:[3 _4], 93:[2], (5:[4 2}, E:[5 1]’
4] 12 I e e ][ 14Vor
P o4 T -0s 10 T ke | T 6ver |

where Y1 = 7,01 =2,a1 =2and Yo = 2,09 = 3, a9 = 2 as defined in (2).

By using the Gramian matrix, we utilize our criteria to investigate the controllability and observability
of system (81).

For oo =1.5and p = 0 to p = 1, Definition 3.2 gives

1-9™ (-9 —20-9'°
| T I(3) T(3)
r'(3) I'(1.5) I'(3)

Substituting all the values in the controllability Gramian matrix given in Theorem 6.1 and for n; = 1,
we have

10.18591636 8.101969290
WC [07 1] = .

8.101969290 6.555490201

One can verify that W, [0, 1] is invertible, symmetric, positive semi-definite, and positive definite. So,
the above system (81) is controllable.

For oo =1.5and p = 0 to p = 1, Definition 3.2 gives

wo (n) =

1+771'5 _2771.5 1 1

35 1—dpt® | T(25)

Substituting all the values in the observability Gramian matrix given in Theorem 7.1 and for ny = 1,
we have

—27.87501859  20.95892039

54.21919496  —27.87501859
w,[0,1] =

One can verify that W, |0, 1] is invertible, symmetric, positive definite, and positive semi-definite. So,
the above system (81) is observable.
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Example 8.5. In this example, we will discuss the controllability and observability of the system,

m

CDg¢(n) = FC(n) + Bu(n) + Ew(n) + Y Ap(n—di(n) + 5,
k=1

= (82)
y(n) — =eCn),  nelo1],
using Theorems 6.2 and 7.2, with the following assumptions:

0.4 05 2 -2 -1
”‘Z{:[O.QQ 3}’ %:[1}’ v=[21], E:[z 3}’
g 23 I s e ] T 14V2r
= -1 1 ] 2T -2 —05 0 "T ke | T | evor |

where Y1 = 7,01 =2,a1 =2and Yo = 2,02 = 3, a2 = 2 as defined (2).

By using the Kalman test, we now utilize our criteria to investigate the controllability and observability
of system (82).

For controllability, we have from Theorem 6.2,
2 2
rank [%d%ﬂ%m > AdeAkmm@] =2=n,
k=1 k=1

which is required. So, system (82) is controllable.

For observability, we have from Theorem 7.2,

k 4 = k 2 1 =2=
ran ot =ran 102 4 |= =n.

Hence, the system (82) is observable.

9 Discussion

The stability of dynamical systems with time-varying delays is an important research topic
because their occurrence cause instability and oscillation. Various real-world applications of the
dynamical model can be found in neural networks [21], power systems [47], robotic systems [56],
chronic myelogenous leukemia [64], electric vehicles [67], and servo systems [72].

We have undertaken numerical simulations to compare our work with existing works [29, 47].
The problem of the power system with multiple time delays is investigated in [47]. With the
considered values in Example 8.1, the stability graph of the classical order model in [47] is shown
in Figure 11(a) and the fractional-order model (74) is shown in Figure 11(b) without the fracture
term.
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s.x 1077 124
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4.x10
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0 . . . . < . = ; ! ' i v
1 2 3 4 5 6 7 1 2 3 4 35 6 7
r i
Fig (2 Fig (b)

Figure 11: Comparison of the stability of the classical order model in [47] and the fractional-order model (74) without fracture term.

With the considered values in Example 8.1, the stability graphs of the classical order model in
[29] are shown in Figure 12(a), and the fractional-order model (74) is shown in Figure 12(b) with
a single delay and without a fracture term.

6.x10'7
5.x 10"
4.x10'4 74

-
x(® 3.x10"" 1 O ]
-
2.x10'74
-
1.x 10"

l-g

1 > 3 3 5 6 7 1 2 3 4 5 6 7

‘
Fig (3) Fig (b)

Figure 12: Comparison of the stability of the classical order model in [29] and the fractional-order model (74) with single delay and without
fracture term.

The numerical simulations have been used to benchmark the algorithm for comparison of our
model in (1) with different models in [29, 47]. The comparison results obtained by necessary nu-
merical simulations highlight the superiority of the fractional-order model (1) in terms of stability,
whereas the classical order model [29] and [47] exhibits instability, underscoring the effectiveness
of our proposed approach in real-world scenarios.

The simulations have been given by numerical examples, specifically illustrating stability and
performance, which can be seen in Figures 1-3 and Figures 6-8, which validates our work. In
Example 8.1, the stable solution of system (74) can be seen in Figure 1. Graphical analysis of the
fractional-order model in (74) with different values of a can be seen in Figure 2. The comparison
graphs of the stability of the fractional/non-integer order model approaching classical order are
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shown in Figure 3. It can be observed that when system (74) is incorporated with a classical
derivative, then we get a clearly unstable solution graph, and the graph of the solution of (76) is
given in Figure 4. The presence of external disturbances or uncertainties affects the robustness of

the system’s stability, which can be seen in Figure 5. In Figure 5(a), we have w(n) = [ 17'74 ] and in

Figure 5(b), we have w(n) = { 8

of the system stability is affected.

} . From Figures 5(a) and 5(b), it can be seen that the robustness

In Example 8.2, the stable solution of system (77) can be seen in Figure 6. Graphical analysis
of the fractional-order model in (77) with different values of fracture can be seen in Figure 7.
The comparison graphs of the stability of the fractional/non-integer order model approaching
classical order are shown in Figure 8. It can be observed that when system (77) is incorporated
with a classical derivative, then we get a clearly unstable solution graph, and the graph of the
solution of (79) is given in Figure 9. The presence of external disturbances or uncertainties affects
the robustness of the system’s stability, which can be seen in Figure 10. In Figure 10(a), we have

[ n+6
can be seen that the robustness of the system stability is affected.

w(n) = { 4 } and in Figure 10(b), we have w(n) = { 8 } . From Figures 10(a) and 10(b), it

The controllability and observability of the systems (80), (81), and (82) is numerically ex-
plained in Examples 8.3, 8.4, and 8.5, respectively. In Examples 8.3 and 8.4, we have incorporated
the Gramian matrix to explore the controllability and observability of the system (80) and (81),
respectively. In Example 8.5, we have utilized the Kalman test to investigate the controllability and
observability of the system (82).

10 Conclusion

This study explores the stability and control properties of fractional-order dynamical systems
with time-varying delays and fracture. It also highlights the critical role of the fractional-order
parameter « in influencing the system behavior. Through theoretical analysis and numerical sim-
ulations, we have demonstrated that the fractional-order models achieve stability more effectively
than the integer-order models, which is shown by comparative results in Examples 8.1 and 8.2.
Furthermore, the proposed criteria for finite-time stability and control provide practical insights
that are applicable to diverse engineering domains, including civil engineering, robotics, and
aerospace. The numerical validations confirm the efficiency of our approach, offering researchers
and engineers a robust methodology to achieve desired system performance within finite time in-
tervals. By bridging theoretical advancements with real-world applications, this work contributes
significantly to the understanding and optimization of fractional-order dynamical systems, paving
the way for future innovations in control engineering and applied mathematics.
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